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ABSTRACT

Quadratic Poisson tensors of the Dufour—Haraki classification read as a
sum of an r-matrix induced structure twisted by a (small) compatible
exact quadratic tensor. An appropriate bigrading of the space of formal
Poisson cochains then leads to a vertically positive double complex. The
associated spectral sequence allows to compute the Poisson—Lichnerowicz
cohomology of the considered tensors. We depict this modus operandi,
apply our technique to concrete examples of twisted Poisson structures,
and obtain a complete description of their cohomology. As richness of
Poisson cohomology entails computation through the whole spectral se-
quence, we detail an entire model of this sequence. Finally, the paper
provides practical insight into the operating mode of spectral sequences.

1. Introduction

It is easily seen that any quadratic Poisson tensor of the Dufour—Haraki classi-
fication (DHC), [DH91], reads

(1) A=Ar+ A =aYez +bY31 + cYio + Apy,
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where a,b, ¢ € R, and the Y; are linear, mutually commuting vector fields (V;; =
Y; AY;), and where Aj7 is, as Ay, a quadratic Poisson structure. This entails,
of course, that A; and Aj; are compatible, i.e. that [A;, A;;] = 0, where [., ]
is the Schouten bracket. Except for structure 10 of the DHC, where Aj; =
(3b+ 1)(y? — 222)0o3 (B2 = Oy, 0u, = 0,0.), the second Poisson structure is
always Koszul-exact, i.e.

Arr =Ty = (01¢)Da3 + (020)031 + (03¢)D12, ¢ € SR,
In [Xu92], P. Xu has proved that any quadratic Poisson tensor of R? reads

1
(2) A=K NE+TL,

where K is the curl of A, £ the Euler field, and f € S3R3*.

In most cases (only cases 9 and 10 of the DHC are exceptional), term Aj
of Equation (1), which is twisted by the exact term Aj; and is, as easily seen,
implemented by an r-matrix in the stabilizer g A ga, ga = {A € gl(3,R) :
[A, A] = 0}, is given by

1
A= gK/\E—FH/\D,
where A € R* and D = det (Y1, Y, Ys), whereas
A[[ = H¢ = Hf,)\D.

Hence, the difference between decompositions (1) and (2) is that in (1) the
biggest possible part of A is incorporated into the r-matrix induced structure,
whereas in (2) it is incorporated into the exact structure.

We prefer decomposition (1), since a general computing technique allows to
deal with the cohomology of A;, [MPO06], and A;; vanishes in many cases.
In most of the cases where the small exact tensor A;; does not vanish, the
decomposition

o :=[A,.] = [Ar,.] + [Arr,.] =: Oa; + O,y
8/2\1 :812\11 = 8AIaAII +8A118A1 =0

leads to a vertically positive double complex and the corresponding spectral
sequence allows to deduce bit by bit the cohomology of A from that of A;.

In Section 2, we show how twisted r-matrix induced tensors generate ver-
tically positive double complexes. As richness of Poisson cohomology entails
computation through the whole associated spectral sequence, we detail a com-
plete model of the sequence in Section 3. Section 4 contains the computation
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of the cohomology of tensor A4 of the Dufour—Haraki classification. More pre-
cisely, Subsection 4.1 provides the second term of the spectral sequence, i.e. the
cohomology of the r-matrix induced part A4 ; of A4, which is accessible to the
general cohomological technique developed in [MP06]. After some preliminary
work in Subsections 4.2 and 4.3, we are prepared to compute, in Subsection 4.4,
through the entire spectral sequence, see Theorem 1. As we aim at the extrac-
tion of “true results”, we are obliged to detail all the isomorphisms involved in
the theory of spectral sequences and to read our upshots through these isomor-
phisms. Hence, in particular, a study of the limiting process in the sequence
and of the reconstruction of the cohomology, precedes, in Subsection 4.5.1, the
concrete description of the cohomology of twisted structure A4, see Theorem 2
in Subsection 4.5.2; and of twisted tensor Ag, Theorem 3 in Subsection 5.

The description of the main features of the cohomology of r-matrix induced
Poisson structures has been given in [MPO06]. The tight relation between Casimir
functions and Koszul-exactness of these Poisson tensors is recalled in Subsec-
tion 4.1, see (10) (a generalization can be found in Subsection 4.3, see (11)).
Since our r-matrix induced Poisson structures are built with infinitesimal Pois-
son automorphisms Y;, see (1), the wedge products of the Y; constitute a priori
“privileged” cocycles. The associative graded commutative algebra structure
of the Poisson cohomology space now explains part of the cohomology classes.
The second and third term of this cohomology space contain, in addition to the
just mentioned wedge products of Casimir functions and infinitesimal automor-
phisms Y;, non-bounding cocycles the coefficients of which are, in a broad sense,
polynomials on the singular locus of the considered Poisson tensor. The “weight
in cohomology” of the singularities increases with closeness of the Poisson struc-
ture to Koszul-exactness. The appearance of some “accidental Casimir-like”
non-bounding cocycles completes the depiction of the main characteristics of
the cohomology.

If the r-matrix induced structure is twisted by an exact quadratic tensor, the
aforementioned spectral sequence constructs little by little the cohomology of
A from that of A;. In the examined cases, the basic Casimir C of Ay is the
first term of the expansion by Newton’s binomial theorem of the basic Casimir
C of A. Beyond the emergence of systematic conditions on the coefficients of
the powers C?, i € N, and the methodic disappearance of monomials on the
singular locus of Aj, the main impact on Poisson cohomology of twist Ay is
the (partial) passage from first term C to complete expansion C, a change that
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takes place gradually for all powers of these Casimirs, as we compute through
the spectral sequence.

2. Vertically positive double complex

2.1. DEFINITION. Let (K, d) be a complex, i.e. a differential space, made up by
nen K™ and a differential d : K™ — K™*! that
has weight 1 with respect to this grading. Assume that each term K" is itself

a graded vector space K = @

graded,
K™ — @ I(Ts7
r,seEN,r+s=n
so that K = @, oy K" is bigraded. We will refer to grading K = P, oy K"

as the diagonal grading. Let p,q € N,p + ¢ = n. The differential d : KP? —
D, senrts—nitr K7 induces linear maps

dap : KP1 — KPTe9tt (g beZ,a+b=1),

such that
d= > da.
a,b€Z,a+b=1

If dop = 0,V < 0 (resp., dgp = 0,Va < 0), the preceding complex is a ver-
tically positive double complex (VPDC) (resp. a horizontally positive
double complex (HPDC)). Vertically positive and horizontally positive double
complexes are semi-positive double complexes. A complex that is simulta-
neously a VPDC and a HPDC is a double complex (DC) in the usual sense.

We filter a VPDC (resp., a HPDC) using the horizontal filtration (resp.,
vertical filtration)

}LKI, = @ K"  (resp., 'K, = @ K").
rEN,s>p r>p,s€EN
These filtrations are compatible (in the usual sense) with the diagonal grading
and differential d. Moreover, they are regular, i.e. K, NK™ = 0,Vp > n (equally
well for K, :th and K, ="K,), and verify Ky = K and Ky, = 0.

The (convergent) spectral sequence (SpecSeq) associated with this graded
filtered differential space is extensively studied below. Let us stress that, in the
following we prove several general results on spectral sequences, which we could
not find in literature. In order to increase the reader-friendliness of our paper
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and to avoid scrolling, we chose to give these upshots in separate subsections
that directly precede those where the results are needed.

2.2. APPLICATION TO TWISTED 7-MATRIX INDUCED POISSON STRUCTURES.
We will now associate a VPDC to twisted r-matrix induced Poisson tensors.
Let

A=A;r+ A =aYosz +bY31 +cYia + 11y

be as in (1).

Set Y; = £;;0;, ;5 € R3* (we use the Einstein summation convention) and
D = det ¢ = det(¢;;) € S?R3>*. If L € gl(3,S?R3*) is the matrix of algebraic
(2 x 2)-minors of ¢, we have 0; = L[’; Y;. The formal Poisson cochain space P is
made up by the 0—, 1—, 2—, and 3—cochains

(3) =2, C'=TVi+ DTN+ I,

o o o o
C? = 515/23 + 523/31 + 533/12, C? = 55/1237

where 0,01, 09,03 € R[[z1,22,x3]] and where o, {;;0;, L;jo; are divisible by
D (for any j; 3-cochains do not generate any divisibility condition). In order
to understand these results, note first that, if £ € gl(3,S*R®*) denotes the
matrix of algebraic (2 x 2)-minors of L, we have £ = (det L)L™! and L =
(det £)¢~1. The last equation entails that det L = (det £)? and that L=! = d;teg.
Hence, it follows from the first equation that £ = (det{)¢ = D{. Let now

C? = 01023 + 02031 + 03012 be an arbitrary 2-cochain. Since its first term reads

o o
4) 01023 = D_12Lj2Lk3ij = D_12 (£11Y23 4+ L21Y31 + L31Y12)
o
= 51 (011Y23 + lo1Y31 4 €31Y12),

its is clear that any 2-cochain can be written as announced. Conversely, the
first term of any 2-vector C? = %-Y53 + V31 + £V, reads

o o o
51Y23 = 51€2j£3kajk = 51 (L11023 + L12031 + L13012) .

Thus, such a 2-vector C? is a formal Poisson 2-cochain if and only if L;;0; is
divisible by D for any j. The proofs of the statements concerning 0-, 1-, and
3-cochains are similar.

Hence, If we replace the standard basic vector fields 9; by the Y;, the cochains
assume, roughly speaking, the shape Y fY, where f is a function and Y is a
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wedge product of basic fields Y;. Then the Lichnerowicz-Poisson coboundary
operator dj, = [Ar, -] is just

(5) aAI(fY):[AfafY]:[Afaf]/\Y
More precisely, the coboundary operator associated with A; is given by
(6) [A7,C°l =VCO A, CY =V AC[A;,C?] =V.C?, and [A;,C%] =0,

where V = 3. X;(-)Y;, X1 = ¢Ys — bY3, Xp = aY3 — ¢Y7, X3 = bY] — aYs, and
where the RHS have to be viewed as notations that give the coefficients of the
coboundaries in the Y;-basis. For instance, [A7, C?] = (3=, Xi(%))Yi23.

Of course, the formal power series o, 01, 02,03 in (3) read

o0 o0 o0

DX =33 il e (i € R).

JEN3 J1=072=0j3=0
The degrees ji,j2,j3 € N and the cochain degree ¢ € {0,1,2,3} induce
a 4-grading of the formal Poisson cochain space P of polyvector fields with
coefficients in formal power series. Let us emphasize that the degrees j; are
read in the numerators o of the decomposition C' =}~ ZY. They are tightly
related with the r-matrix induced nature of A; and were basic in the method
developed in [MP06]. In the following we use the degrees r = j1 + j2 + ¢ and
s = j3 (depending on the considered Poisson tensor, other degrees could be
used, but the preceding ones encompass the majority of twisted structures)
that generate a bigrading of P, P = €, .. P"*. When defining the diagonal
degree n = r 4+ s, we get a graded space

P=pr.r= € P
neN r,seEN;r+s=n
These degrees differ from those defined in [Vai05] on foliated manifolds (M, F),
for arbitrary smooth coefficients, by means of a normal bundle H of the foliation,
such that TM = H& F.
We now determine the weights of the coboundary operators dj, and 9,, with

r,8€

respect to r and s. Actually D is an eigenvector of the basic fields Y;, hence of
the fundamental fields X;, V;D = \;D, X;D = pu; D, \;, u; € R. Indeed, since
TaDp = ANO1D Og3 + 02D 031 + 03D 012), it follows from (4) (take o; = AJ; D and
its cyclic permutations) that

A
TAD = D (YiDY23+Y2D Y31 +Y3DYi9).
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But map is part of A; and is, more precisely, of type (1), i.e. reads
map = hYa3 + Y31 + [3Y712

(I, 2, I3 € R). Hence,
l;
Y;D = XD =:\D, forallie{1,2,3}.
In view of (3) and (6), the degrees ji, j2, j3 of the Aj-coboundary di,C of any
cochain C' depend only on the values X; (6/D) of the fundamental linear fields
X; for an arbitrary formal power series o = > ; ¢y X 7. Since

X; (%) - ;c.j% (X; — pid) X7,

it is clear that 0x, preserves the total degree t = j1 + j2 + j3.
In the following, we focus on the first twisted quadratic Poisson structures
that appear in the DHC, i.e. on classes 4, 8, and 11, see [DH91]. Let us recall

that
2 2
Ay = ayz023 + axz031 + (bacy +z ) O12 = aYas +aY3; +bY12 + —=Yio

D
=Aa7+Aagr,
G#O, b7é0, Y1 :I]L‘al, }éiyag, }%:Z(?g, D:zyz,
b b 3
Ag = (%(352 +y%) 22) O12 + axz023 + ayz031 = aYos + ot Yo £ %Ym

=As 1+ As 11,
a 7& 0, b 7é 0, Y =201 + ZL‘282, Yo = 2107 — :]9281, Y; = :]9383, D = (ZL‘2 + y2)z,

3
2
Avy = (az® +b2%) D1z + (20 + D)wzdas = Yoy + aYia + b5 ((3a+1)Yiz + Yas)
=N+ Mo,

a# G 0£0,Y1=E Yy =10y, Y3 = (3a+1)205, D = (3a + 1)a°z.
i € {4,8,11}, preserves the
partial degree p = j; + j2 (and, as aforementioned, the total degree t). Hence,

Owing to the above remarks, it is obvious that 0, ,,

its weight with respect to (r, s) is (1,0):
d ==dig:=0n,, P =P (i€ {4,811})

(dependence on i omitted in d’ and djq).
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As for the weight of 0y, ,;,4 € {4,8,11}, with respect to (r, s), let us first recall
that, if f and ¢ are some functions, and if X and Y denote wedge products of
Y1, Y5, Y3 with (non-shifted) degrees o and (3 respectively, we have

(7) [fX,gY] = f[X,g] AY + (=1)* = Fg[Y, f] A X.

Of course, the RHS of the preceding equation is a linear combination of terms of
the type fYi(g)Z or gY;(f)Z, where Z is a wedge product of Y7, Y, Y3 of degree
a+ 3 — 1. It follows that dy, ,,C°, i € {4,8,11}, C° € P, is a formal series of
terms of the type
2 X7
5%

Any such term is a linear combination of terms of the type

XJ XJ ZS

As D is an eigenvector of Y, this entails that coboundary 9y, ,, C has the form

Y}.

?

XK
6/\7 Hcc Z ZK CK 7

where in each term ky + ko = j1 + j2 and ks = j3 + 3, and where the degree of
wedge product Z is a+ 3 —1 = ¢+ 1. When dividing the preceding numerators
by D (see above), we find that the weight of da
(-1,2):

..1; With respect to (r,s) is

d":=d_13:=0p,,, P =P (i€ {4,811})

(dependence on ¢ omitted in d” and d_12).
Finally, (P,04,), ¢ € {4,8,11}, endowed with the previously mentioned grad-

ings
P = @Pn’rpn _ @ prs

neN r,s€N,r+s=n

and the differential
d:= aAi = 8,\“ + 8,\“1 = dl + d” = le + d,12,

is a VPDC. We will compute the cohomology H(A;) = H(P,d) using the Spec-
Seq associated with this VPDC (see above).
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3. Model of the spectral sequence associated with a VPDC

As mentioned above, a VPDC, a HPDC, and a DC can canonically be viewed
as regular filtered graded differential spaces. Hence, a SpecSeq (two, for any
DC) is associated with each one of these complexes.

In order to introduce notation, let us recall that, if (K,d, K,, K™) is any
(regular, i.e. K, N K™ = 0,V¥p > n) filtered (subscripts) graded (superscripts)
differential space (in our work p and n can be regarded as positive integers),
the associated SpecSeq (E.,d,) (r € N) is defined by

EP = Z0)(Z)507 + BY1y),

where 277 = K, Nd 'K, N KPT4 and BP? = K, NdK,_, N KPT? are the
spaces of “weak cocycles” and “strong coboundaries” of order r in K, N KP4,
and

dy: BP9 5 (329 o — [d307) gyiranrr € ERFTIFIT,
In the following, we also use the vector space isomorphism
o, B — HM(E,,d,),

which assigns to each [35)-11]1‘3?117 304, €z, C ZP4, the d,-cohomology class
(524 ) grala,, (300 ]pre € EPY Nkerd,. For more detailed results on spectral
sequences, we refer the reader to [Cle85], [God52], [CE56], [Vai73], etc. In these
monographs, a model for the SpecSeq associated with a (HP)DC is partially
depicted up to r = 2. It is well-known that spectral sequences are particularly
easy to use, if many spaces E5? (or EP? (r > 2)) vanish. Due to richness of Pois-
son cohomology, this lacunary phenomenon is less pronounced in our setting.
Since we have to compute through the whole SpecSeq, we need the complete
description of the entire model of the SpecSeq (E,,d,) (r € N) associated with
a VPDC.

So consider an arbitrary VPDC and let GPY(K) (p,q € N) be the term of
degree (p, q) of the bigraded space associated with the filtered graded space K.
It is clear that the mapping

q
Io: BY = Kp N KPTO/Kpp N KPT = GP(K) > [5]8(1 = ZZQWH]
i=0 2
2P € K9P,
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where z™ (in the following, all Latin characters with double superscript, as
well) is an element of K"° (whereas German Fraktur characters with double
superscript, such as 357, do not refer to the bigrading of K), is an isomorphism
of bigraded vector spaces (i.e., a vector space isomorphism that respects the
bigrading). It is easily seen that, when reading dy through this isomorphism,
we get the compound map

do = IndoIy "' = dyo.

Thus Iy : (Ep,dy) — (K, dp) is an isomorphism between bigraded differential

spaces, and induces an isomorphism

q
Iog - HY(Eodo) 3 [[357 = 3 2977+ gl
1=0
— [2%],, € HPI(K, do) = °HP(K) = °HI(K")

of bigraded vector spaces, where the last space is the ¢-term of the cohomology
space of (K*P dy = dyo). Hence, the bigraded vector space isomorphism

q

I = Togoo : B9 (550 = 30 20700 o — [[589] gy, — %), € CHI(K™P),
i=0

We now verify once more straightforwardly that differential d; read on model

YH(K) is induced by dos, i.e., that

dy = Lid I7' = doy.

Finally,

q
IQ = IlﬁO’l . qu = [5;511 == Z quz,erz]qu — [[5§q]Efq]d1
1=0
= [ l7, €HPCH(K))

is an isomorphism of bigraded vector spaces. As for the sense of the last
space, note that (°HY(K) = @, H?(K*?),d;) is a complex. Observe now
that the inverse I, ' is less straightforward than I;' and I;'. Indeed, if
[2%]3 15, €' HP(°HI(K)), representative 2% is generally not a member of Z59.
However, since the considered class makes sense,

d1gz? =0, dp12% + d102q717p+1 =0,
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where 20~ 1P+l ¢ Ka-LpHL Thus, 357 1= 29 4 29- 12+l ¢ 789 and

Iy 2%, ]a, = 1357 e
So
da[[2%]5,]g, = Laldsy | greza—1 = [[d-1227 + do127 1P H]5 15

The preceding results extend those given in [Vai73] (for a HPDC). They can
easily be adapted to the most frequently encountered situations where only
some terms d,p of d do not vanish.

In the following, we complete the description of the SpecSeq associated with
a VPDC, assuming that d = d1g +d_12 := d’ +d”. This hypothesis entails that
d? =d"”? =dd"+d'd =0, ie. that d and d’ are two anticommuting differ-
entials. Hereafter, we denote by "H(.) (r € N) the cohomology of differential
dy, and by [], the corresponding classes. Moreover, we will deal with strongly
triangular systems of type

(Qfo) dlqu =0
(&) d"z® + d' 277202 =
(@k_l) dllzq—Q(k:—Q),p-i-Q(k—Q) +dlzq—2(k—1)7p+2(k—1) —0.

Note that when solving such a system, we prove at each stage that some
d'-cocycle is actually a d’-coboundary. We refer to this kind of system using
the notation S(2%; k) or S(k; z4~2(k=1):»+2(k=1)) depending on the necessity to
emphasize the first or the last unknown or entry of an ordered solution.

PropoSITION 1: The spectral sequence associated to a VPDC with differential
d = dig +d_12 = d + d” admits the following model. The model of Ejy,
isomorphisms Iy and I 1 and differential dy are the same as above. For any
red{l,2,...},

(i) The map

q
. Pq rq _ q—1,p+1
Ior_q: E2r71 > [527"71 = E z ]qu

2r—1
=0

= [z -~ Jr—1 € "THP("H(... (*H(K))))

is a bigraded vector space isomorphism. Its inverse 12_7.1_1 associates to
any RHS-class the LHS-class with representative ght_, =Y "1_ 29-20p+2i

1=
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where (29, ... 297 2(r=1)p+2(r=1)) js any solution of system S(z%;r).
Furthermore, dor_1 = 0.

(ii) The model of E}? and the corresponding isomorphisms I, and I}
coincide with those pertaining to EY!_|. Moreover,

(8) dop[[[2%)o)1 - Jroq = [[[d" 297202200 ]y ],

where z4720r=1.p+2(r=1) s the last entry of an arbitrary solution of
S(z%; 7).

Proof. Tt is easier to prove an extended version of Proposition 1. Indeed, let us
complete assertions (i) and (ii) by

(ili) Existence (resp., vanishing) of a class [[[2%]¢]1 .. .]r—1 is equivalent with
existence of at least one solution of system S(z%;r) (resp., with existence of
29712 and of zf+1’p_2, i € {1,...,7 — 1}, which induce systems S(i; zf“’p_Q)

with solution, such that

2P d' 29— 1P + d//TZlZ;]Jrl,pr _ 0.)
i=1

The proof is by induction on r. Observe first that the assertions are
valid for » = 1 (see above). Assume now that all items hold for r €
{1,...,£—1}. Proceeding as above, we easily show that I, 1 := Iy(p—1)30200—1)
is the appropriate bigraded vector space isomorphism. In order to determine
I,,' |, take any RHS-class [[[z%]o]1 .. Je—1.

Let us first prove assertion (iii). Existence of class [[[29P]o]1 .. .J¢e—1 is equiv-
alent to existence of class [[2%P]¢]1 .. .Je—2 (itself equivalent to existence of at

least one solution
»1—25,p12] (0 <j< /— 2)

for S(z%;¢ — 1), by induction) and condition

dae-)[[[z%Jo)1 -+ Je—2 = 0.

Using the induction assumptions, we see that the last condition is equivalent,
first with

[[[dllzq—2(€—2),p+2(€—2)]0]1 » -]6—2 =0,

then with existence of
a—2(6=1),p+2(4=1)
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and
LD <<y 9),

K2

q72(€72)’p+2“72)) with solution, say

which implement systems S(i; z;

ZATEPTE (1< —j—1<j<l—2),

3

such that

9) d" (Zq—Q(e—2),p+2(e—2) + 521{12(42)7%2(@2)) 4 /a2 42(0-1) _

i=1
Assume now that all this holds and define new 29-29P+2J (0 < j < ¢ —1). For
each j, take just the sum of the old 2972972/ and of all existing 29~ 2P+%/
These new z9-2P*2] form a solution of S(z%;¢). Note first that for j €
{0,¢— 1}, the old and new z9-2:PT2/ coincide. Hence, the last equation (€,_1)
of S(z9;¢) is nothing but (9). Moreover, it is easily checked that Equations
(€r_2),..., (&) are also verified. Conversely, if S(z9%;¢) has a solution, the
successive classes [2%), [2%]o]1, - -, [[[¢%P]o]1 - - .Je—1 are actually defined. It
suffices to note that dyz% = 0 and that, by induction,

dop [[2%]o]1 - - Jr—y = [[[d" 20207220y ]
= —[[[d'z72"P+2 0]y s
—0,

for any r € {1,...,¢—1}.

As for the second part of (iii), note that a class [[[2%P]¢]1 .. .]¢e—1 vanishes if

q+2(6—1)—1
-1

and only if there is z,_ P21 that generates a system

S(zgjf(e—l)—l,p—Q(ﬂ—l);g i 1)

with solution, say
Zgj‘f(e_j_l)_lap_2(€_j_1) (O < j < 0 — 2)’
such that

[[1=%]o)1 - Je-2 = —daqen [[l£5 7V D))y os
= —[[[@" 21" Jolt - oo

But, by induction, [[2% + d”z{t """ %]g]i .. Je—2 = 0 if and only if there are

24=LP and z0THP7? (1 < i < 0 — 2), which induce systems S(i; 2/ P7?) with

%
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solution, such that
-2
B A Z ZITLP=2 4 gy le —
i=1
Hence the conclusion.
We now return to items (i) and (ii). For any RHS-class [[[2%]¢]1 .. .Je—1 €
t=1gra(*=2[ (... (*H(K)))), the corresponding system S(z%; /) admits, as just
explained, at least one solution z972/P+27 (0 < j < /¢ —1). Set

pq . q—27,p+2j
Jop_1 = E z .

As dzhi | = d"z17 20Dk ¢ Kq 2410428 we see that 357, € Z5) | =
KpNd~ Kpy0 1 NKP+. Hence I," . As dop_1[3h¢_y]pzs € E527 09722,
it is clear that daoe_1 = 0. Thus, the statement concerning the model of ESZ and
the isomorphisms I», and I, is obvious. Finally, as dog[357] Ere € E];Z%’qfﬂﬂ,
we get

doe[[[2%]0)1 . . Jeo1 = [[[d" 297202000 ], 0

Remark: Result (8) can be rephrased as do, = ((—1)7'_1d”(d'_1d”)7'_1)ﬂ, for
any r € {1,2,...}.

4. Formal cohomology of Poisson tensor A,

As aforementioned, we use the just depicted SpecSeq associated with the above
detailed VPDC implemented by the twisted r-matrix induced Poisson structure
Ay

4.1. COMPUTATION OF THE SECOND TERM OF THE SPECSEQ. In this section,
we give the second term Ey ~ °H (P) of the SpecSeq. Note that °H (P) is the for-
mal Poisson cohomology of dy = d’ = dyg = 0j 4.1+ As already elucidated in the
Introduction, we came up with decomposition (1), since the cohomology of 94,
is always accessible by the technique proposed in [MP06]. Hence, cohomology
space °H (P) can be obtained (quite straightforwardly) by this modus operandi.
Let us emphasize that our results are in accordance, with our comments in
[MPO06], as well as with similar upshots in [Mon02,2], regarding the tight re-
lation between Casimir functions and Koszul-exactness or “quasi-exactness”,
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the appearance of “accidental Casimir-like” non-bounding cocycles, and the in-
crease of the “weight in cohomology” of the singularities, with closeness of the
considered Poisson structure to Koszul-exactness.

If b/a € Q*, we denote by (8, ) ~ (b,a), @ € N*| the irreducible representa-
tive of b/a. Remember that, for b/a € Q% , a quasi-exact structure

(10) A = ad1(pq)0a3 + ad2(pq)O31 + bO3(pq) 12,

p = p(z,y), ¢ = q(2), exhibits the basic Casimir p®¢®, see [MP06]. Furthermore,
we set D = xyz, D' = xy, and write A,Y3, a € N*, instead of D27 1Y; =
D'“95, and @ij ...Y;; instead of ... Y3 4+ --- + Y31 + --- + Yi2. Remark also
that the algebra of polynomials of the algebraic variety of singularities of Ay ;
is R[[z]] @ R[[y]] ® R[[2]], where it is understood that term R is considered only
once.

The following proposition is now almost obvious.

PROPOSITION 2:
1. If% € Q7 the algebra of Ay j-Casimirs is Cas(A4,1) = @,y R D'« Bi
and the cohomology space °H (P) is given by
E2 ~ OH(P)
=Cas(Ay1) ® @ Cas(Ay1)Y; ® @ Cas(A4,1)Y;; @ Cas(A4,1)Y123

j

© R[[2]]012 © R[[2]] 0123

R[«])023 ® R([y]]051 @ (R[[z] © R[[y]]) D123, if b= a

0, otherwise

2. If 2 € R*\ Q% we have Cas(A4,;) =R and
E2 ~ OH(P)
= Cas(As,1) & @D Cas(A41)Y; & @ Cas(As 1)Yij & Cas(Ag 1) Yis

ij
RALYYE’) @ Aa(RYVQiﬁ + R}/iﬁl) @ RAaYmS, lf(_17 Oé) ~ (ba a)

0, otherwise

@ R[[2]]012 @ R[[2]]0123
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Remark: Due to the properties, used below, of the preceding (non-bounding)
Ay r-cocycles, we classify these representatives as follows:

1. Representatives of type 1: All cocycles with cochain degree 0, the
1- and 2-cocycles that contain a Casimir (maybe the accidental Casimir
Aq), except cocycles Cas(A4,1)Y12

2. Representatives of type 2: All 3-cocycles, all cocycles with singularities,
and cocycles Cas(A4,1)Y12

4.2. PROLONGABLE SYSTEMS S(z9P;r). Since computation through the whole
SpecSeq will shape up as inescapable, we need the below corollary of Proposi-
tion 1. It allows to short-circuit the process of computing the successive terms
of the sequence. Let us specify that in the following a system of representa-
tives of a space of classes is made up by representatives that are in one to one
correspondence with the considered classes.

COROLLARY 1: If, for some fixed r € N*, all the classes [[[z%]o]1...|r—1 In
model space "'H("2H(...°H(K))), appendant on a SpecSeq associated to a
VPDC with differential d = dyg+d_15 = d'+d", give rise to an enlarged system
S(2%; s) with solution, for some fixed s > r, the following upshots hold:

1. all the differentials 827_1, 827«, .. ,Egs,l vanish;
2. differential dss is defined by

das([[z%)o)1 - Jro1 = [[[d"27 27Dy ]y

3. any system (z9) of representatives of ""*H("7?H(..."H(K))) is in one
. —1 g
to one correspondence with the system (351 := Y, _, 277 2P F2k) of
representatives of Fos.

Proof. Induction on s. [ |

4.3. FORECAST. In order to increase readability of our paper, some intuitive
advisements are necessary.

The basic idea of the theory of spectral sequences is that computation of the
successive terms E, ~ H(E,_1,d,—1) (r € N*) allows to detect their inductive
limit F, which, for a convergent sequence, is isomorphic with the graded space
G(H) associated to the sought-after filtered cohomology space H. We then hope
to be able to reconstruct this filtered space H from the corresponding graded
space G(H). Let us recall that space H is of course the cohomology of the
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filtered graded differential space associated with the SpecSeq. Hence, in our
case, H = H(A4). It is clear that the successive cohomology computations
take place on the concrete model side. To determine H, we have to pull our
results back to the theoretical side, and more precisely to read them through
the numerous isomorphisms involved.
Actually the application of spectral sequences presented in this work, provides

a beautiful insight into the operating mode of a SpecSeq. Since, roughly speak-
ing, the “weak cocycle condition” in the definition of ZP? (resp., the “strong
coboundary condition” in the definition of BP?) converges to the usual cocycle
condition (resp., the usual coboundary condition), we understand that, when
passing from one estimate F,._; of H to the next approximation FE,., we obtain
an increasing number of conditions on our initial weak non-bounding cocycles
of Fs and an increasing number of bounding cocycles. Moreover, when we com-
pute through the SpecSeq, the aforementioned pullbacks, see Proposition 1, add
up solutions of crescive systems,

r—1

55? — P 4 qu—%,p+2k.
k=1

The next remarks aim at anticipation of these systems. The reader is already
familiar with Casimirs of exact and quasi-exact structures. When taking an
interest in slightly more general quasi-exact tensors,

(11) A= aal((p + T)q)823 + a()g((p + T)q)agl + b83((p + 7’)(])812,

a,b € R*, p=p(x,y), ¢ = q(2), r = r(z), it is natural to ask which polynomials
of the type (p + c¢r)"¢™, ¢ € R, n,m € N, (n,m) # (0,0), are Casimir func-
tions. It is easily checked that structure A4 has this form and that the Casimir
conditions read am = bn and 3bn = ca(2n 4 m). So, for b/a € Q7 the basic
Casimir C of A4 and its powers C?, i € N, are given by

2

. 3[) e %) X z [e %) X
i Bz: (D/ ) Bi
¢ (p+2a+br> e +2a+b ‘

_D/az Bi D/(,Yl k Bz+2k
+Z 2a+b

These powers C* (non-bounding cocycles of H = H(A4)) will be obtained, while
we compute through the SpecSeq, from those, D'®?28%  of the Casimir of Ay
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(non-bounding cocycles of Ey ~ °H(P)). Hence, the above-quoted solutions
and corresponding systems S(D'®*2%% ai 4 1).

4.4. COMPUTATION THROUGH THE SPECSEQ. In view of the preceding aware-
ness, it is natural to set

A,
D=k B2k L B Y+ Ok Y + DinYs
FEi1.Yos + Fj. Y3

k
Eai

Zdic—2k.pi+2k _
(2a +b)*

where k € {0,1,...,ai} and A, Bik, Ci;, Dik, Fir, Fi, € R. More precisely,
if b/a € QF, we have (b,a) ~ (B,a), o, 3 € N*, and we ask that i € N, if
b/a € R* \ QF, we choose i = 0, and if moreover (b,a) ~ (8,a) = (—1,a),
a € N*, we also accept the value i = 1, but add the conditions Ajg = Big =
Cho = 0. We define (gic, pi) := 2ai+2+¢,fi+ 1), where ¢ € {0, 1,2} denotes
the cochain degree, so that the double superscript in the LHS is the bidegree
(r,s) = (j1 + j2 + ¢, j3) of the RHS.

Observe that the Z%<Pi are exactly the representatives of type 1 of the classes
of By ~ °H(P).

LEMMA 1: For any admissible exponent i and any cochain degree ¢ € {0, 1,2},
the cochains Z%=2kPit2k | c 10 1,... ai}, constitute a solution of system
S(Z%ePi; i+ 1), if and only if, for any k € {0,1,...,ai— 1},

(Co) Ajpp1 = A, ifc=0,

(ai —k+1) (Bik + Cik) — 2D

ai — k

(C1) Bigt1+Ciky1 = and Dj 41 = Diy,

ifc=1,

ait —k+1

c Eypir — Fippt = 2=
(Ca) K1 k41 ok

(Ei _Fik); if ¢=2.



Vol. 165, 2008 POISSON COHOMOLOGY 399

Furthermore,
d//ZQic —2ai,pi+2a

_ d//Z2+c,p.;+2ai

0, for ¢=0,
= (2a + b)_ai (Bi,ai + Ci,ai — 2Di,ai) 22+i(2a+6)612, for ¢ = 1,
(2a + b)_ai (Ei,ai — Fi,ai) Z3+i(2a+ﬁ)8123, fOI‘ C = 2,

is a d’-coboundary if and only if the coefficient vanishes.

Proof. We must compute the differentials d’ = 0dp,, = [A47,.] and d" =
e = [D712%Y12,] = [fX,] on the Z%=2%Pi+2k  These cochains have
the form ¢ := D™'X’Y := D~1D"m;™ >-;7iYj, n,m € N,r; € R, where the
degree ¢ of wedge product Y is independent of j. Hence, (7) gives

d"(gY) = [fX. gY] = fIX,g] ANV + (=1)°g[V, f] A X.

On the other hand, (5) and (6) entail d'(¢Y) = [Asr1,9Y] = [Aar, 9] NY =
>0 Xe(g9) YeAY, where X = bYs —aY3, Xo = aY3 —bY1, X3 = a(Y1 —Y3). Since
Yy (X7/D) = (je — 1)X7/D

(same notations as above), we get
d'(gY) =g (b(n—1) —a(m—1)) (Y1 = Y2) A Y.
In particular, we recover the result d’'Z%<?i = jg(ba — af)(Y1 — Y2) A Y = 0,
and, when setting a = 0,6 =1,) =1, we find
X, g] = g(n— 1)(¥i — Ya).
We now compute
d" Z%e=2kpit2k L 101,.. ., ai},
and
d' 792k 1) pit2(bH1) e €01, i — 1},
(1) e=0.
It follows from the preceding equations that
dIIZin—Qk,pi-‘rmc — EZ,L(OK’L _ k)Azk (2@ + b)—kD—lDlai—kZ3+ﬁi+2k(Y1 _ Y'Q)

and that
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d' 73i0=2(k+1),pi+2(k+1) _
—CE L (k + 1) A k1 (20 + b) T FDTID/TR 30 2R (v ),
Since for any p,n € N,p < n, we have C2(n — p) = C2+1(p + 1), the
sum of these coboundaries vanishes if and only if A; y41 = Ay, for any
ke{0,1,...,ai—1}. For k = ai, we get
d//Zq,;O—Qai,pi+2ai — d//ZQ,pH-Qai =0.
(2) c=1.
A short computation shows that
d//Zqi172k7pi+2k
=Ck.(2a + b) *D 1Dk BB _ Dy (i — k)Yas — Di(ai — k)Ya
+ ((Bir. + Ci) (@i — k + 1) = 2D;x) Y12]
and that
d/zqi172(k‘+1),pi+2(k+1)
— *EZTI(k + 1)(20, + b)kale/aikaSJrﬂiJch
X [=D; k+1Y23 — D p+1Y31 + (Bi k41 + Ci k+1)Y12].

If k€ {0,1,...,ai — 1}, the sum of these coboundaries vanishes if and
only if

(Oé’i —k+ 1) (Bik + Cik) — 2Dy
ai — k

Bik+1+Cigt1 = and  D; k11 = Dj.

Furthermore, for k = a1, the first of the preceding “coboundary equa-
tions” provides the announced result for d” Z49i1=2ai.pit2ai - Ag R[[2]]012
is part of the cohomology of dy = d’, this d”-coboundary is a d'-
coboundary if and only if its coefficient vanishes.
(3) c=2.
We immediately obtain

d//ZQiZ_Qkapi+2k _ EZ'L(O‘ i— k4 1)(2a + b)—kD—lDlai—kZB-‘rﬁi-‘er(Eik _ Ek)YVlZ’)

and
d' 7 3i2=2(k+1),pi+2(k+1) _

—CEFY(k +1)(2a + b) * DI D> TR AT (B, g — B 1) Yios.

Hence the announced upshots. |
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Let us recall that the admissible values of ¢ (and the potential conventions
on coefficients Aqg, B1g, C10) depend on quotient b/a. Moreover, for b/a €
R*\ Q%, (b,a) » (—1,a),a € N*, we set @ = 1 € N*. Actually, in this case,
need not be defined beforehand, as it was systematically multiplied by ¢ = 0.

The following theorem provides the complete description of the considered
SpecSeq.

THEOREM 1: The even terms Ea(n—1)a+4 = Ean—1)at6 = -** = Eopat2 (n €
N; for n = 0, this package contains only term Es) of the above defined SpecSeq
are canonically isomorphic (i.e. dy(n—1)at+4 = da(n—1)at+6 = - - = dona = 0) and
admit the below system of representatives:

1. All representatives of type 2 of Eo ~ °H(P), except
Rzi(2a+ﬂ)+2812 and Rzi(2a+ﬂ)+38123,

for all admissible i € {0,1,...,n — 1}.
2. All representatives of type 1 of E5 ~ °H(P), altered as follows:
e For all admissiblei € {n,n+1,...},

ZicPi § qu:c—%,p#%7
k=0

where the coefficients A;j, B, Cik, Dik, Eii, Fyp. incorporated into
the terms of the RHS verify conditions (Cp) — (C2) of Lemma 1 up
tok=an—1.

e For all admissiblei € {0,1,...,n — 1},

(DI + Qlfjrb) ZBiAiQ, if c¢= 0,

ZdicsPi (Dl+#-2|-l;) 2B (Bio(yl+%}/3)+ci0(5/2+%y3))a if c¢=1,
D/aizﬁiEw(YQ;g + Ygl), if ¢=2.

Proof. The proof is by induction on n. For n = 0, Theorem 1 is obviously valid.
Assume now that it holds true for 0,1,...,n — 1 (n € N*). We first transfer
the description of Ey(,_2)a44 = '+ = Ea(n_1)at2 to the concrete model side,
in order to compute Eg(n,l)aﬂ. When having a look at the packages of terms
that are known to be isomorphic, we see that the only differentials (under
do(n—1)a+2) that do not vanish are damat2 (m € {0,1,...,n — 2}). Hence the
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target of vector space isomorphism
I2(n71)a+2 : EQ(nfl)a+2 - (n_2)u+1H((n_3)a+1H(' : 1H(OH(P))))7

which, as it appears from its general description, maps the system of Ey(;,_1)a2-
representatives onto the system evidently made up by:

1. All representatives of type 2 of Es, except Rz‘et8+29,, and
Rz (2843955, for all admissible i € {0,1,...,n — 2}.
2. All representatives of type 1 of Ey, Z%<Pi 4 admissible, ¢ € {0, 1,2},
with, for all admissible i € {0,1,...,n—2}, Bjo + Cio = 2Dy, if c =1,
and FE;g = Fj, if ¢ = 2.
We now compute the cohomology of space (("=2°HH (.. °H(P)), don—1)a+2)-
If 297 is one of the representatives of the preceding system,

[[d//Zq72a(n71),p+2a(n71)]0 . ]

(12)  dan—1yat2[lz%)o - - Jn—2)at1 = (n—2)a+15

where z9—2a(n—1).p+2a(n—1) 45 the last entry of an arbitrary solution of
S(z?;a(n —1) +1).

The d’-coboundary of any 2% of type 2 vanishes. This is obvious if
z% is a 3-cochain or has the form Cas(A4)Yi2 (as d’ = [Aagr,.] =
[D7123Y19,.]). If 29 is a 2-cochain with singularities, e.g. D~ 'p(z)Yas,
where p(z) is a polynomial in z, we get d’2% = [D7123Y1s, D™ 1p(z)Ya3] =
—23p(x)D2Y193 + 23p(x)D72Y123 = 0. Hence, for any type 2 representative
29 system S(z9;s) admits solution (29,0, ...,0), for any s € N* (Sq, repre-
sentative extended by 0), and Coboundary (12) vanishes.

Let now 2% be a representative Z%<Pi of the first type. We know from
Lemma 1 that Z%c=2kpit2k L ¢ £0.1,... «ai}, with coefficients that verify
(Cp)-(C3), is a solution of S(Z%Pi;ai+1).

1. For any admissible i € {n,n + 1,...}, this solution can be truncated
to a solution of S(Z%<Pi;an + 1) (Sg, truncated standard solution).
Hence, Coboundary (12) vanishes.

2. If i is admissible in {0,1,...,n — 2}, we have

Bijp +Cijo =2Dyy and E; = Fj.

It then follows from (C7) and (C2) that the same relation holds for k =
o, ie. that B; i + Ciai = 2D; o and E; o = Fj o4. This, however,
implies that d’Z%c—2¢4pit2ai — (g0 that system S(Z%<Pi;an + 1)
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admits an obvious solution (S3, standard solution extended by 0) and
that Coboundary (12) vanishes again.

3. If i =n — 1 is admissible,

dan—1)at2([Z7 2P o J(ne2)at1 =

[[Z(n—l)(2a+ﬁ)+2al2]0 ) ]

[[d”ZQn—1,c—Q(X("—1)7Pn—1+2(¥(”—1)]0 B -](n72)a+1-

In view of Lemma 1, this class vanishes for ¢ = 0, and coincides, if ¢ = 1
(resp., ¢ = 2), up to a coefficient, with class

cl(n—2)a+1

(resp., [z DEFAE3G, 03] .. Jn—2)at1)-

The above depicted system of representatives of (=2t H (.. OH(P))
shows that the preceding two classes do not vanish. Hence, the cocycle-
condition is equivalent with the annihilation of the mentioned coeffi-
cient, i.e. with

Bn—l,a(n—l) + Cn—l,a(n—l) = 2Dn—1,a(n—1)

(13)

(resp., En—l,a(n—l) = Fn—l,u(n—l))a
or, as already explained,
anl,O + Cnfl,O = 2Z)nfl,O (reSP-; Enfl,O = Fn7170)~

It clearly follows that the space of Eg(n_l)a+2—coboundaries is gener-
ated by the two just encountered non-vanishing classes. Hence, the
cohomology space ("~Datify((n=2)atify(  Of(P))) has the same sys-
tem of representatives as its predecessor ("~2°FT (.. .OH(P)), but with
exclusions carried out and conditions on B;q, Cio, D;o, Eio, Fyo valid for
all admissible ¢ € {0,1,...,n—1}.

It now suffices to apply Corollary 1 to the cohomology space

(n71)a+1H((n*2)0‘+1H(. .YH(P))).

Observe first that (S1)—(S3) entail existence of a solution of S(z%;an + 1),
for all representatives z? dissimilar from Z%-1.ePn-1_ But, as the coeffi-

cients of these last representatives—viewed as representatives of the preced-

ing Eg(n,l)aﬂ—cohomology space—satisfy Conditions (13), the coboundaries
d" Zan-1.e=2an=1).pn1+20(n=1) yanish.  So the previously met solution of
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S(Zn-1ePn-1:0/(n — 1) 4+ 1) can be indefinitely extended by 0 (S4, standard
solution extended by 0). Finally, Corollary 1 is applicable for s = an + 1.

Hence, spaces Ey(,_1)ata = -+ = Eanayt2 coincide and we build, from
the known system z% of representatives of (»~DetlH (.. OH(P)), a system
of Fopa+2 by just summing-up the entries of any solutions of the systems
S(z%;an + 1). For any Z%< P the coefficients of which verify

BiO + Ci() = 2D10 (C = 1) and Ew = E (C = 2),

the standard Z%e=2kPit2k L c 0 1,... «ai}, are solution, see Lemma 1, of

S(Z%Pi; i+ 1), e.g. if we choose
(14) A=A (c=0), Bix = Bjo,Cir = Cio, Dix = Do (c=1), and
Ei =Fir =0 (c=2,k#0).

If we pull the concrete side representatives back to theoretical side represen-
tatives using these solutions, we exactly get, see S1-S4, the sought-after sys-
tem. |

Remark: 1. We already observed previously the obvious fact that when
pulling RHS-representatives back, using different solutions of the stan-
dard system, we obtain equivalent LHS-representatives. These equiv-
alent LHS-representatives would implement cohomologous cocycles in
cohomology space H(A4). Choice (14) will induce in cohomology the
most basic possible cocycles.

2. Note also that in view of Theorem 1 and our conventions on coefficients
Bio, C10, cocycle RA, Y3 disappears from all spaces Fa,., 7 > 2a + 4.

4.5. LIMIT OF THE SPECSEQ AND RECONSTRUCTION OF THE COHOMOLOGY.
The limit of the SpecSeq can be guessed from Theorem 1. However, we already
stressed the importance of a careful reading of all results through the isomor-
phisms involved in the theory of spectral sequences. The proof of Theorem 1
shows for instance that the appropriate Casimir functions appear, when we pull
the RHS-representatives back to the LHS, i.e. read them through isomorphism
127(;71)& 43 Hence, a precise description of the isomorphisms that lead now to
the cohomology of A4 is essential.

4.5.1. General results. Let us consider the SpecSeq associated with a (regular)
filtered graded differential space (K, d, K,, K™) and recall that the limit spaces



Vol. 165, 2008 POISSON COHOMOLOGY 405

Ere 7P BPY are defined exactly as spaces EP?, ZP9 BP9 see Section 3, so that
ZP% and BP? are the spaces of cocycles and coboundaries in K, N KP4, respec-
tively. For any fixed p and ¢, regularity implies that the target space of the
restriction of d, to EP? vanishes, if » > ¢ 4+ 1. Thus, there is a canonical linear
surjective map 927 : EPY — HP4(E,,d,) — E{,. For s > r > q+ 1, we define
0P9 := 987 0. 0P EPY — EP and for r > ¢+ 1, we set

(15) ort - BP9 5 37 pre — (377 pre € EEL.
Due to regularity, the first two of the well-known inclusions
- 1,g—1
zva c zpa,  zpflal o zpthaloand BP9, C B

are actually double inclusions, and Z2F1a~1  BP? c zptla=l 4 Bra c 7p4,
Hence, map 029 is canonical, linear and surjective. It is known that space E%Y
together with the preceding linear surjections 677 is a model of the inductive
limit of the inductive system (EP??, §7). Consider now a first quadrant SpecSeq

(i.e., p,q € N) and assume that Ky = K. For any p, g, the SpecSeq collapses at

r > sup(p,q + 1),

more precisely, E?? = EP? and 629 = id. Indeed, in this case, in addition to
the aforementioned double inclusions (r > ¢ + 1), we now have also BYY, =
K,NdKp41-» NKPT1 = K,NdKoN KP4 = B4 (r > p). Hence the announced
results.

The SpecSeq associated with any filtered graded differential space is conver-
gent in the sense that limit E%? is known to be isomorphic as a vector space
with term GP? of the bigraded space G(H(K)), G for short, associated with the
filtered graded space H(K). Let us recall that the filtration of H(K) is induced
by that of K. More precisely, injection i : (K,,d) — (K,d) is a morphism of
differential spaces and H), := i4H(K,) C H(K) is the mentioned filtration of
H(K). In order to reduce notations, we denote the terms of the grading of
H(K) simply by H™. It is a fact that the filtration and the grading of H(K)
are compatible and that filtration H), is regular if its generatrix K, is. Hence,
Hp = @ ey HyNHPY = @,y HY 7. Finally, it is a matter of knowledge that

the isomorphism, say ¢, between G?? := H£+q / Hf;_tf and EP? is canonical,
(16) L2 BB S [ e — (8% pralm € GV

We now reconstruct H(K) from G. Let us again focus on a first quadrant
SpecSeq associated with a (regular) filtered complex (K, d, K, K™) (such that
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Ko = K). For any n € N, we denote by Gn—Jud1 Gn=izJdz  G"=Jkn:Jkn,
n > ji > jo > -+ > jg, > 0, the non-vanishing GP9 = Hg*q/Hﬁif, p+q=n.
Since Hy = H(K) and H} = H, N H" = 0,Vp > n, it follows that

H'=H} =...=H" n o= T

n—ji n—ji+1 — ° n—jz
H" ™
) n—ja+1"""

n R n =

Hence,
n n _ m—j1,51 n n (N Tk — 15Tk —1 n
H /Hn_j2 =G ""’Hn_jkn—l/Hn_jkn =G n L Hy G

_ Gn_jkn Jkn

However, if B/A = C, A a vector subspace of B, the sequence 0 — A LB
C — 0, is a short exact sequence of vector spaces. A short exact sequence in a
category is split if and only if kernel A admits in vector space B a complementary
subspace that is a subobject, or, alternatively, if and only if there is a right
inverse morphism x : C — B of projection p. Of course, in the category of
vector spaces such a sequence is always split. If x is a linear right inverse of p,
we have B =A@ x(C).

Let us now come back to our circumstances. If x1,..., x%,—1 denote splittings
of the involved sequences, central extension H™ is given by

(17) H" = Xl(Gn_jl’jl) DD an_l(G"_jkn—hjkn—l) o) Gn_jkn Jkn

It follows of course from Equation (17) that H(K) is—in this vector space
setting—isomorphic with G = G(H(K)). It is known that in the case of ring
coefficients, extension problems may prevent the reconstruction of H(K) from

4.5.2. Application to Poisson tensor A4. The next proposition provides a sys-
tem of representatives of the cohomology space of

Ay = ayz0a3 + arz03; + (bry + 2%)012  (a #0,b #0).

Remember that D’ = zy and Y] = 20;,Ys = yOo, Y3 = 205. If & ~ g € Q1 , we

define
2

VA @t .
Cas(A1) = BienR (D' ) e
as(A4) = Pien + 2ats) °
and use the above introduced notation Cas(A4,;) = @,y RD 2P If £ €

R*\ Q7% we set Cas(A4) := R and, as aforementioned, A, = D"*z~1.




Vol. 165, 2008 POISSON COHOMOLOGY 407

THEOREM 2: 1. Ifg € Q7, the cohomology of A4 is given by

1 1
Buc ~ G ~ H(A1) = Cas(As) © Cas(Ag) (Vi + 51/3) & Cas(Aa) (Ya + §Y3)
® Cas(A4,1)(Yos + Y31) @ Cas(Ay, 1)Y12 & Cas(Ayg 1)Y123
® @ R2*012 @ @ R2"193

kEN\N (2a48)+2 kEN\N (2a+8)+3
R[[2]]023 ® R[[y]]0s1 © (R[]} & R[[y]])0123,if b=a

0, otherwise
2. If 2 € R*\ Q% we have

Eoo ~ G ~ H(Ay)

1 1
=Cas(Ay) @ Cas(A4)(Y1 + §Y3) D Cas(A4)(Y2 + 5YS)
D Cas(A4)(Y23 + Ygl) D Cas(A4)Y12 D Cas(A4)Y123

@R-Aa(yéiﬁ + YE’;I) > RAaYmS, if (ba a) ~ (_15 Oé)

0, otherwise

Drem (22041} RZ"012 & Dpepn (3,202 R# 0123, if (b,a) ~ (=1, )

©
69keN\{Q} Rzkam S @keN\{g} Rzkams, otherwise

Proof. Fix a,b € R* and take any representative of E5. Remember that
the representatives of type 1 are exactly the cochains Z%<P?i (i admissible,
¢ € {0,1,2}). Moreover, we say that a representative of type 2 is critical if
it has the form Rz*e+8)+29,, or Rz*(22+A)+39 55 (i admissible). If the con-
sidered representative z% is of type 2 and not critical (resp., of type 2 and
critical, of type 1), we choose n € N such that 2na + 2 > sup(p,q + 1) (resp.,
2na + 2 > sup(p,q + 1,2ia + 2)— hence, we have n — 1 > i— 2na + 2 >
sup(ps, gic + 1,2ic + 2)). The system of representatives of Fo, ~ G specified
in Theorem 2 arises now from Theorem 1 and from the canonical isomorphisms
(15) (condition: r > sup(p,q+1)) and (16). These representatives are represen-
tatives of bases of the non-vanishing GP2. In order to compute H(K), it suffices
to build arbitrary splittings in keeping with Equation (17). Hence, it suffices to
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choose, for any class of any basis of the concerned GP4, an arbitrary represen-
tative, e.g. the aforementioned one. It follows that H(K) admits exactly the
same representatives as Fo, ~ G. |

Remark: Hence, the twist makes a threefold impact on cohomology. When ap-
plying our computing device, see Theorem 1, we get, at each turn of the handle,
on the model level, roughly speaking, cocycle-conditions on the coefficients re-
lated with an additional power of the basic Casimir Cy, , of A4 1, and we exclude
a supplementary pair of singularity-induced classes. These conditions appear in
cohomology as terms Y; or Y;; with the same “Casimir-coefficient”. Eventually,
the cocycle-conditions allow to lift the mentioned accessory power of Cy, , to
the real level as power of Casimir Cy, of A4 or, depending on cochain degree,
as power of Casimir Cy, ;. We know that such a lift is not unique and that two
different ones are cohomologous. It follows from Theorem 2 (resp., from the
proof of Theorem 1) that any term of Cas(A4)(Ya3 4 Y31) is a Ag-cocycle (resp.,
can be chosen as lift of the corresponding term in Cas(A4,r)(Yas + Ya1), as well
as this term itself). So any term of Cas(A4)(Y23 + Y31) is cohomologous to
the analogous term in Cas(A4,1)(Yas + Y31). Finally, the aforementioned proof
allows to see that Ay j-cocycle RA,Y3 = RD'*271Y3, which is not a product of
two A4-cocycles, is a Ag-cocycle if and only if its coefficient vanishes.

Let us have a look in the end at singularities. The singular locus of A4 1 (resp.,
A4) is made up by the three coordinate axes (resp., the axis of abscissee and
the axis of ordinates). Comparing the results of Proposition 2 and of Theorem
2, we see that the twist A4 r7, which removes the z-axis from the singular locus,
cancels only part of the corresponding polynomials in cohomology. We already
observed in [MPO06] that, for r-matrix induced tensors, some coefficients of non-
bounding 2- or 3-cocycles can just be interpreted as polynomials on singularities
via an extension of the polynomial ring of the singular locus. In the case of
twisted r-matrix induced structures, some of these polynomial coefficients are
simply not polynomials on singularities.
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5. Formal cohomology of Poisson tensor Ag

We now describe the cohomology space of the twisted quadratic Poisson struc-
ture

b
Ag = <%(IL‘2 + y2) + 22) 012 + axz0a3 + ayz03; (Cl 7'é 0,b 7é 0).
If we substitute ¢ (resp., b) for —b (resp., (a + b)/2), tensor Ag reads
(18) Ag = b(l‘2 + y2)812 + (2b + C)l‘2823 + (2b + c)yz&o,l + 22812.

Henceforth, we use parameters b and c¢. Assumptions a # 0,b # 0 are equiv-
alent with 2b + ¢ # 0,c # 0. Moreover, the r-matrix induced part Ag; =
b(z2 4+ y?)012 + (2b+ ¢)12023 + (2b + ¢)yz31 of Ag is nothing but structure Ay
with parameter a = 0, see [MPO06, Section 9], so that term Ey ~ H(Ag 1) of the
spectral sequence follows from [MP06, Theorems 6,8,9].

Let us recall that the Y; stem from Ag ;, i.e. from A7. Hence, Y; = 20, + y0-,
Yo = 20, —y01, Y3 = 203. Weset D' = 22 +y?. Moreover, ifg € Q,b(2b4c¢) <0,
we denote by (3,7) ~ (b, ¢) the irreducible representative of the rational number
%, with positive denominator, 8 € Z,y € N*, and if % € Q,b(20+¢) > 0,
(8,7) ~ (b,c) denotes the irreducible representative with positive numerator,
0 e N ~eZ*.

THEOREM 3: The terms of the cohomology space of Ag (see (18)) are given by
the following equations:
1. If2eQ,b(2b+c) >0,
22 )(6+%)izm
3b+c
H'(Ag) = Cas(Ag 7)Yz @ Cas(Ag) (Y1 + Y3),

H?(Ag) = Cas(As1)Yi2 ® Cas(As )Yos & P RzF0na,
kEN\N(38+7)+2

H?(Ag) = Cas(Ag 1)Yia3 @ @ Rz"913
KEN\N(33+~)+3

where Cas(Ag 1) = @ien icozRD/(PH3)1257,

2. If2 ¢ Qor 2 € Q,b(2b+¢) <0,
H(Ag) (As
H'(Ag) (As

H°(Ag) = Cas(As) = Bien,yic2zR (D' +

)

=R,

= Cas(Asg)
= Cas(Ag)Ys @ Cas(Ag) (Y1 + Y3),
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H?(Ag) = Cas(Ag)Yi2 @ Cas(Ag)Yos

@kGN\{Z'yfl} Rzk812’ if (b7 C) ~ (_1)7)7 v S {45 67 8) }

S
@keN\{z} Rz*012, otherwise

RAV}E3ﬂif (byc) ~(=1,7),7 € {4,6,8,...}

0, otherwise ,

H3 (Ag) = CaS(Ag)Ylgg

@keN\{&'y} Rzk81235 if (b7 C) ~ (717 7)5 v e {47 65 87 }

3]
®kEN\{3} R2%0123, otherwise

RA7Y12371T (b,C) ~ (715’7)77 € {456785 }

0, otherwise ,

where A, = D'z~ 171
3. Ifb =0,
2

HO(As) = Cas(Ag) = @ieNR(D’ + %) ,

H'(Ag) =Cas(Ag 7)Yz @ Cas(Ag) (Y1 + Y3),
H?(Ag) = Cas(As,1)Yi2 ® Cas(Ag 1)Yas @ @ Rz%0y5,

kEN\{2N+2}
Hs(Ag) = CaS(Ag,])Y123 D @ R2k6123 5
kEN\{2N+3}
where Cas(As 1) = @, RD".
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